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Abstract
It is shown that an alternative supersymmetric version of the Liouville equation ex-
tracted from D=3 Green–Schwarz superstring equations [1] naturally arises as a super–
Toda model obtained from a properly constrained supersymmetric WZNW theory based
on the sl(2,R) algebra. Hamiltonian reduction is performed by imposing a nonlinear su-
perfield constraint which turns out to be a mixture of a first– and second–class constraint
on supercurrent components. Supersymmetry of the model is realized nonlinearly and is
spontaneously broken.
The set of independent current fields which survive the Hamiltonian reduction contains
(in the holomorphic sector) one bosonic current of spin 2 (the stress–tensor of the spin
0 Liouville mode) and two fermionic fields of spin 3
2
and −1
2
. The n = 1 superconformal
system thus obtained is of the same kind as one describing noncritical fermionic strings
in a universal string theory [2].
The generalization of this procedure allows one to produce from any bosonic Lie alge-
bra super–Toda models and associated super–W algebras together with their nonstandard
realizations.
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1 Introduction
In a recent paper [1] a system of constraints and equations of motion describing an N = 2,
D = 3 Green–Schwarz superstring in a doubly supersymmetric (so called twistor–like)
formulation [3, 4, 5] was reduced to a superfield system of equations in n = (1, 1), d = 2
worldsheet superspace 1, which, in turn, was reduced to the purely bosonic Liouville
equation plus two free massless fermion equations. Thus, the supersymmetric Liouville
equation was shown to admit another n = (1, 1) supersymmetric realization different from
the conventional one [6, 7].
In the present article we show that the same system of equations arises also in a
properly constrained n = (1, 1) superconformal Wess–Zumino–Novikov–Witten model [8]
with an Sl(2,R) group manifold as the target space.
Supersymmetric WZNW models based on classical Lie groups were considered in de-
tail in [9, 10]. A coset construction of superconformal field theories corresponding to
constrained versions of the supersymmetric WZNW models was proposed in [11, 12] (for
a review see also [13] and references therein). However the generalization of the Hamilto-
nian reduction [14, 15] to supersymmetric WZNW models which leads to (super–) Toda
models has been considered only for a restricted class of models, namely for those based
on superalgebras which admit description in terms of fermionic simple roots only [16, 17].
Such Hamiltonian reduction has not been applied to supersymmetric WZNW models
based on bosonic groups and supergroups which have bosonic simple roots in any root
decomposition probably because of the lack of group–theoretical and physical grounds for
imposing appropriate constraints on components of the WZNW currents, and also be-
cause of a simple argument that the Hamiltonian reduction should spoil supersymmetry
of these models [18].
In the present paper we shall show how one can overcome this problem. The model con-
sidered below is an example of the relation between strings propagating in flat space–time
and appropriately constrained WZNW models, while usually WZNW models are associ-
ated with strings propagating on group manifolds (see, for example, [19]), or coset spaces
(see, for example, [20]). The WZNW group manifold under consideration is isomorphic to
the structure group of the flat target superspace of the Green–Schwarz superstring. For
N = 2, D = 3 target superspace of the Green–Schwarz superstring (as well as for D = 3
fermionic strings) this group is Sl(2,R). This provides us with a physical motivation to
study the Hamiltonian reduction of wider class of the supersymmetric WZNW models,
1We denote the number of left and right supersymmetries on the worldsheet by small n, and by capital
N the number of supersymmetries in target space
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of which we shall consider in detail the simplest example, namely, the n = (1, 1), d = 2
superconformal Sl(2,R) WZNW model. An unusual feature we shall encounter with is
that the nonlinear superfield constraints imposed for performing the Hamiltonian reduc-
tion are a mixture of first– and second–class constraints. Supersymmetry of the model is
realized nonlinearly and is spontaneously broken. The set of independent currents which
survive the Hamiltonian reduction contains (in the holomorphic sector) one bosonic cur-
rent of spin 2 (which is the stress–tensor of the spin 0 Liouville mode) and two fermionic
fields of spin 3
2
and −1
2
. The n = 1 superconformal system thus obtained is of the same
kind as one used for describing a hierarchy of bosonic and fermionic strings embedded
one into another [2]. This demonstrates from a somewhat different point a (classical)
relation between the Green–Schwarz and Neveu–Schwarz–Ramond–type formulation of
superstrings [21, 22, 23, 24].
The prescription to be used can be generalized to obtain super-Toda theories associ-
ated to any bosonic superaffine Lie algebra and for constructing corresponding supersym-
metric extensions of ordinary W–algebras together with their non–standard realizations.
The study of these models may turn out to be useful, for instance, for getting new infor-
mation about the structure of systems with spontaneously broken supersymmetry, their
connection with the corresponding systems with linearly realized supersymmetry, and to
gain deeper insight into the relationship between different superstring models. Some new
structures can arise as a result of the Hamiltonian reduction of WZNW models based on
superalgebras which contain simple bosonic roots.
The paper is organized as follows. In Section 2 we perform the Hamiltonian reduction
of the supersymmetric Sl(2,R) WZNW model and in Section 3 we demonstrate that
the resulting system of equations is equivalent to that obtained in the N = 2, D = 3
Green–Schwarz superstring model [1]. Symmetry properties and field contents of the
system are analysed in Section 4. In Section 5 we make the Hamiltonian analysis of the
constraints and get (upon gauge fixing and constructing Dirac brackets) a Virasoro stress
tensor and a supersymmetry current of an n = 1 superconformal theory which describes
an n = (1, 1), D = 3 fermionic string in a physical gauge where two longitudinal bosonic
degrees of freedom of the string are gauge fixed. In Section 6 we discuss the general case
of the Hamiltonian reduction of super—WZNW models based on the classical Lie groups
to nonstandard supersymmetric versions of the Toda models. In Conclusion we discuss
an outlook of applying the procedure to study more general class of models.
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2 Supersymmetric Sl(2,R) WZNW model and its re-
duction
The superfield action of the model in n = (1, 1), d = 2 superspace (with flat Minkowski
metric) parametrized by supercoordinates Z = (z, θ), Z¯ = (z¯, θ¯) (where z, z¯ are bosonic
and θ, θ¯ are fermionic light–cone coordinates) has the form [9, 10]
S =
k
2
∫
dzdz¯dθdθ¯
(
tr(G−1DGG−1D¯G) +
∫
dt tr(G−1
∂
∂t
G{G−1DG,G−1D¯G})
)
, (1)
where G(Z, Z¯) is a superfield taking its values on the Sl(2,R) group manifold, D =
∂
∂θ
+ iθ ∂
∂z
and D¯ = ∂
∂θ¯
+ iθ¯ ∂
∂z¯
are supercovariant fermionic derivatives which obey the
following anticommutation relations
{D,D} = 2i
∂
∂z
, {D¯, D¯} = 2i
∂
∂z¯
, {D, D¯} = 0, (2)
and k is called the level of the WZNWmodel (for simplicity in what follows we put k = 1).
The second (Wess–Zumino) term in (1) is an integral over d = 3, n = 1 superspace whose
boundary is the (Z, Z¯) superspace.
The action (1) is invariant under superconformal transformations of the n = (1, 1),
d = 2 superspace
Z ′ = Z ′(Z), Z¯ ′ = Z¯ ′(Z¯);
D′ = e−ΛD, D¯′ = e−Λ¯D¯, where Λ = logDθ′(Z), Λ¯ = log D¯θ¯′(Z¯), (3)
and under the superaffine Sl(2,R) transformations of G(Z, Z¯)
G′ = g−1L (Z)G(Z, Z¯)gR(Z¯). (4)
From (1) one gets the equations of motion
D¯(DGG−1) = 0, D(G−1D¯G) = 0, (5)
which read that the fermionic currents
Ψ(Z) ≡
1
i
DGG−1 = ψ(z) + θk(z)
= Ψ−E− +Ψ
+E+ +Ψ
0H,
Ψ¯(Z¯) ≡ iG−1D¯G = ψ¯(z¯) + θ¯k¯(z¯)
= Ψ¯−E− + Ψ¯
+E+ + Ψ¯
0H (6)
4
are (anti)chiral and hence conserved, and generate the superaffine Sl(2,R) transforma-
tions (4). E±, H are the sl(2,R) algebra generators
[E+, E−] = H, [H,E±] = ±2E±. (7)
The supersymmetric WZNW model can be constrained by putting equal to zero the
components of the currents (6) corresponding to the generators (7) of a vector subgroup
of the Sl(2,R)L × Sl(2,R)R affine group. On this way one gets coset construction of
superconformal field theories [11, 12]. Such constraints can be obtained from a gauged
WZNW action [25], which has been under intensive study as an effective action for string
configurations in target coset spaces (see, for example, [20] and references therein).
Another possibility of reducing WZNWmodels (studied below) is to impose constraints
on those algebra–valued components of the WZNW currents which correspond to the
nilpotent subalgebra of the positive (or negative) roots of the WZNW group generators
[14, 17]. As we have already mentioned, this reduction establishes the relationship between
(super) WZNW models [14, 17] and (super) Toda theories [26].
In the case under consideration one cannot perform such kind of Hamiltonian reduction
in a straightforward way. Indeed, the basic supercurrents of the model are fermionic 2,
and the Hamiltonian reduction procedure prescribes putting equal to nonzero constants
those (super)currents which correspond to the positive or negative simple roots of the
WZNW (super)algebra (a reduction of this kind leads to so–called Abelian Toda models,
see [14, 17]).
If a current component to be constrained is fermionic, it does not seem natural to
put it equal to a Grassmann constant. A way to overcome this problem is to explicitly
use in the constraints the Grassmann coordinates θ or/and θ¯ of superspace, however the
resulting model is no longer supersymmetric [18].
Therefore we shall use an alternative possibility, which does not violate manifest super-
symmetry. Firstly, we shall construct bosonic supercurrents out of fermionic ones (6) in
an appropriate covariant way, and then impose constraints on the bosonic supercurrents.
The natural candidates to be constrained are sl(2)–valued components of the bosonic
supercurrents
J ≡ ∂GG−1 = J+E+ + J
−E− + J
0H
J¯ ≡ −G−1∂¯G = J¯+E+ + J¯
−E− + J¯
0H. (8)
Together with the fermionic currents (6) the bosonic currents (8) constitute a differential
one–superform being a pullback onto the n = (1, 1), d = 2 superspace of the Sl(2,R)
2 It deserves mentioning that the (super)algebra–valued supercurrents of a super–WZNW model have
opposite statistic with respect to the corresponding (super)algebra generators.
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Cartan form
Ω = dGG−1, (9)
where
d = (dz − idθθ)
∂
∂z
+ (dz¯ − idθ¯θ¯)
∂
∂z¯
+ dθD + dθ¯D¯
is the external differential.3 By construction Eq. (9) satisfies the Maurer–Cartan equation
(which is the zero curvature condition for the Sl(2,R) connection form Ω)
dΩ− Ω ∧ Ω = 0. (10)
From (10) it follows that the bosonic currents (8) are composed out of the fermionic
currents (6) as follows
J = DΨ− iΨΨ = k(z)− iψ(z)ψ(z) + iθ(∂ψ + ψk − kψ) ≡ j(z) + iθχ(z),
J¯ = D¯Ψ¯− iΨ¯Ψ¯ = k¯(z¯)− iψ¯(z¯)ψ(z¯) + iθ¯(∂¯ψ¯ + ψ¯k¯ − k¯ψ¯) ≡ j¯(z¯) + iθ¯χ¯(z¯). (11)
We are now in a position to constrain the supersymmetric Sl(2,R) WZNW model
the same way as was used to reduce the bosonic Sl(2,R) WZNW model to the Liouville
theory [14, 15]. We put equal to one the current components J− and J¯+ of Eqs. (8), (11):
J− = DΨ− + 2iΨ0Ψ− = 1, J¯+ = D¯Ψ¯+ − 2iΨ¯0Ψ¯+ = 1, (12)
where D + 2iΨ0 and D¯ − 2iΨ¯0 can be regarded as covariant derivatives with Ψ0, Ψ¯0
being components of a connection form on d = 2 superspace. Eqs. (12) imply nonlinear
relations between components of the fermionic currents (6) 4.
By using the Gauss decomposition of the Sl(2,R) group element
G(Z, Z¯) = eβE+eΦHeγE− (13)
one can (locally) write down the current components (6) in the following form
Ψ− =
1
i
Dγe−2Φ, Ψ+ =
1
i
Dβ −
1
i
2βDΦ− β2Ψ−, Ψ0 =
1
i
DΦ + βΨ−;
Ψ¯+ = iD¯βe−2Φ, Ψ¯− = iD¯γ − 2iγD¯Φ− γ2Ψ¯+, Ψ¯0 = iD¯Φ + γΨ¯+; (14)
3Notice that, for instance, the dθ¯ component of Ω is ΩD¯ =
1
i
GΨ¯G−1
4n=(2,2) superconformal WZNW models and current algebras with nonlinear constraints on fermionic
currents, which formally have the same form as the r.h.s. of Eq. (11), were studied in [27, 28]. Though
the group–theoretical motivation for imposing the constraints in this form is the same as in our case, the
constraints of [27, 28] bear an essentially different meaning and result in unconstrained models in terms
of n=(1,1) superfields [27, 28].
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Then the super–WZNW equations of motion (5) and the constraints (12) reduce to the
following system of equations:
D¯DΦ = e2ΦΨ¯+Ψ−, D¯Ψ− = 0 = DΨ¯+; (15)
DΨ− + 2DΦΨ− = 1, D¯Ψ¯+ + 2D¯ΦΨ¯+ = 1. (16)
Eqs. (15) correspond to the unconstrained supersymmetric WZNW model.
The chirality conditions for the Ψ+ and Ψ¯− component of (14) are identically satisfied
provided that (15) are valid. Note also that neither β(Z, Z¯) nor γ(Z, Z¯) enters the Eqs.
(15), (16) explicitly if Ψ− and Ψ¯+ are considered as independent variables.
3 Connection with N=2, D=3 Green–Schwarz super-
strings
In [1] the system of equations (15), (16) was obtained from the equations of motions and
constraints describing a classical N = 2, D = 3 Green-Schwarz superstring in a doubly
supersymmetric geometrical approach [3, 4, 5]. To demonstrate this point we have to make
a digression on ideas of applying the geometrical approach to describing the dynamics of
(super)–p–branes.
The geometrical approach implies the use of notions and methods of surface theory [29]
to describe embedding of p–brane worldvolumes into target spaces for a purpose of solving
for the constraints and reducing the p–brane equations of motion to nonlinear (sometimes
exactly solvable) systems of equations for independent physical degrees of freedom of the
p–branes. Its application to bosonic extended objects was initiated by Refs. [30, 31], and
the reader may find a review of recent results in [32, 33, 34] and references therein.
The development of supersurface theory to treat supergravities as theories of embed-
ding supersurfaces into target supermanifolds was carried out in [35].
A generalization of the geometrical approach to study super–p–branes stems from
a doubly supersymmetric (so called twistor–like) formulation of these systems which is
based on following principles (see [4] for details and references):
i) the fermionic κ–symmetry of the Green–Schwarz formulation of super–p–branes [36, 21]
is a manifestation of superdiffeomorphisms of worldvolume supersurfaces of the super–p–
branes [37]. (This solves the problem of infinite reducibility of the κ–symmetry and makes
it possible to carry out covariant Hamiltonian analysis of superstring dynamics at least
on the classical level);
ii) the geometrical ground for this is that the theory of super–p–branes is supposed to
be a particular kind of doubly supersymmetric models (studied earlier in [38]) which
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describe an embedding of supersurfaces into target superspaces. (This naturally incorpo-
rates twistor–like commuting spinors into the theory as superpartners of target superspace
Grassmann coordinates).
One of the aims of the approach has been to push forward the problem of covariant
quantization of superstring theory. As a result the methods to attain this objective have
undergone substantial modifications and essential progress has been made during last few
years (see [24] for a recent review).
At the same time the doubly supersymmetric formulation serves as a natural dynam-
ical basis for generalizing methods of classical surface theory to study the embedding of
supersurfaces corresponding to super–p–branes [4], and then one may try to apply the
geometrical methods back to the analysis of variety of fundamental and solitonic super–
p–branes we are having at hand at present time [39].
General properties of superstring and supermembrane worldvolumes embedded into
flat target superspaces of various dimensions were studied in [4] (see also [40] for the
case of N=1 superstrings). Using these results (which supergeneralize that of [31]) we
demonstrate below how by specifying the embedding of worldsheet supersurface swept
by the N = 2, D = 3 superstring one can solve for the Virasoro constraints and reduce
superstring equations of motion to the super–Liouville–like system of equations (15), (16)
[1]. Note that the classical equivalence of the twistor–like and Green–Schwarz formulation
of the N=2, D=3 superstring was shown in [3].
In the doubly supersymmetric formulation worldsheet of the Green–Schwarz super-
strings is a supersurface parametrized by two bosonic coordinates z = (τ+σ), z¯ = (τ−σ)
and fermionic coordinates θ, θ¯ whose number should be equal to the number of inde-
pendent κ–symmetry transformations in the standard Green–Schwarz formulation. In
our case there are one left– and one right–handed Majorana–Weyl spinor coordinate θ, θ¯,
which means that we deal with n = (1, 1) local supersymmetry on worldsheet supersurface
Mws :
(
Z = (z, θ), Z¯ = (z¯, θ¯)
)
. (17)
To describe intrinsic Mws geometry (i.e. n=(1,1), d=2 supergravity) one should set
on Mws a local frame of supervielbein one–forms which contains two bosonic vector and
to fermionic spinor components
eA(Z, Z¯) =
(
ea(Z, Z¯), eα(Z, Z¯)
)
, (18)
where a = (++,−−) and α = (+,−) stand for light–cone vector and spinor indices of
the d = 2 Lorentz group SO(1, 1), respectively.
We consider an embedding ofMws into N = 2, D = 3 flat superspace–time paramet-
rized by three bosonic vector and two Majorana spinor coordinates Xm(Z, Z¯), Θ1µ(Z, Z¯),
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Θ2µ(Z, Z¯), where the underlined indices m = 0, 1, 2 and µ = 1, 2 are vector and spinor
indices of the D = 3 Lorentz group SO(1, 2) ∼ Sl(2,R), respectively.
A natural supersymmetric rigid frame in flat target superspace is
Πm = dXm + idΘ¯iΓmΘi, dΘiµ (i = 1, 2). (19)
Γ
m
αβ are D = 3 Dirac matrices.
The study ofMws embedding is started with fitting the rigid target–superspace frame
(19) to that on the supersurface (18). To this end we transform (19) into a new local
frame
Ea = Πmuam(X,Θ), E
iα = dΘiµvαµ(X,Θ), (20)
by use of uam and v
α
µ matrices of the vector and spinor representation of the target–
superspace Lorentz group Sl(2,R), respectively. But since the vector and spinor compo-
nents of (19) are subject to the Lorentz transformation simultaneously, u and v are not
independent and connected through the well–known twistor–like relation
uam(Γ
m)µν = v
α
µ(Γ
a)αβv
β
ν
between vectors and commuting spinors. This explains why the approach is called “twistor–
like”.
From the general analysis of superstring dynamics in the twistor–like approach we
learn [4] that the target–superspace local frame (20) can be attached to the supersurface
as follows:
E⊥(Z, Z¯) = 0, (21)
Ea(Z, Z¯) = Πmuam = (dX
m + idΘ¯iΓmΘi)uam = e
a, (22)
E1+(Z, Z¯) = dΘ1µv+µ = e
+, E2−(Z, Z¯) = dΘ2µv−µ = e
−, (23)
where the target superspace indices split onto that of Mws and of the orthogonal vector
direction (a→ (a,⊥); α→ (+,−)).
Eq. (21) tells us that one of the vector components of the target superspace frame
can be made orthogonal to the supersurface (its pullback onMws is zero) and three other
relations (22), (23) identify (onMws) components of the target superspace frame with the
intrinsicMws supervielbein components (18). This means thatMws geometry is induced
by embedding.
From (21) and (22), using the orthogonality properties of uam (u
a
muna = ηmn), we find
that the pullback on Mws of the vector one–superform Π
m(Z, Z¯) = dXm + idΘ¯iΓmΘi =
eauma (Z, Z¯) is zero along the fermionic directions e
α ofMws:
DXm + iDΘ¯iΓmΘi = 0, D¯Xm + iD¯Θ¯iΓmΘi = 0, (24)
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whereD, D¯ are covariant spinor derivatives onMws which reduce to the flat derivatives (2)
in a superconformal gauge for (18). Eq. (24) is called the geometrodynamical condition.
Eqs. (21) and (22) ensure that the Virasoro constraints on superstring dynamics
Π
m
++Π
m
++ = 0 = Π
m
−−Π
m
−− (25)
are identically satisfied for such kind of embedding [4].
One can notice that Eqs. (21)–(23) are first–order differential equations on X(Z, Z¯)
and Θ(Z, Z¯). If they are solved one would know the shape of the worldsheet supersurface
in D = 3, N = 2 superspace and thus would solve the problem of describing classical
superstring motion. To solve (21)–(23) one must know vαµ(Z, Z¯) and the components of
ea(Z, Z¯), eα(Z, Z¯). To get this information one should study the integrability conditions
of (21)–(23) which are obtained by taking the external differential of (21)–(23). (This
is the general strategy one pursues in the geometrical approach [30]–[32], [4]). Basic
integrability conditions thus obtained are [4, 5]:
dea − Ωabe
b = ieαγaαβe
β = T a, (26)
Ω⊥a = Kab e
b +Kaαe
α, (27)
where γaαβ are d=2 Dirac matrices, and external differentiation and product of the forms
are implied. Eqs. (26), (27) contain one forms Ωab ,Ω
⊥a which are Cartan forms of the
Sl(2,R) Lorentz group (9) constructed out of the matrix vαµ components:
Ωab = ǫabv+µ dv
−µ, Ω⊥a = γaαβv
α
µdv
βµ. (28)
Eq. (26) determines parallel transport of vector supervielbeins alongMws carried out
by induced connection Ωab. It reads that the connection possesses torsion whose spinor–
spinor components are constrained to be equal to the γ–matrix components. This is a
basic torsion constraint of any supergravity theory. In the geometrical approach it is
not imposed by hand, but appears, together with other n = (1, 1), d = 2 supergravity
constraints [41], as a consistency condition ofMws embedding (21)–(23) [5, 4]. From [41]
we know that d=2 supergravity thus constrained is superconformally flat. This means
that by gauge fixing Mws superdiffeomorphisms one can choose a superconformal gauge
where the supervielbeins (18) take the form
e++ = e−2(Φ−L)(dz − idθθ), e−− = e−2(Φ+L)(dz¯ − idθ¯θ¯),
e+ = e−(Φ−L) (dθ + iDΦ(dz − idθθ)) , e− = e−(Φ+L)
(
dθ¯ + iD¯Φ(dz¯ − idθ¯θ¯)
)
, (29)
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where the superfield Φ(Z, Z¯) corresponds to Weyl rescaling and L(Z, Z¯) corresponds to
local Lorentz SO(1, 1) transformations of the supervielbeins. Note that Weyl transfor-
mations are not a symmetry of the model, while the local SO(1, 1) transformations are
[4].
The second condition (27) specifies the expansion of Ω⊥a in the Mws supervielbein
components: the bosonic matrix Kab(Z) is symmetric and has the properties of the sec-
ond fundamental form analogous to that of the bosonic surfaces, while spinor components
Kα(Z) ≡ K
a
βγ
β
aα of the Grassmann–odd spin–tensor K
a
β can be associated with a fermionic
counterpart of the second fundamental form along Grassmann directions of the supersur-
face [4].
By construction the Cartan forms (28) must satisfy the Sl(2,R) Maurer–Cartan equa-
tions (10) which split into two systems of equations with respect to the worldsheet indices:
dΩ⊥a − ΩabΩ
⊥b = 0, (30)
Rab = dΩab = Ω⊥aΩ⊥b. (31)
Eq. (30) is known as the Codazzi equation and (31) is called the Gauss equation in
surface theory. On the other hand one can recognize in (30) and (31) relations which
specify geometry on a two–dimensional coset space SO(1,2)
SO(1,1)
with Ω⊥a being a vielbein, Ωab
being a spin connection and Rab being a constant curvature tensor of SO(1,2)
SO(1,1)
.
Thus we have reduced the problem of studying superstring dynamics (as the embedding
of a supersurface into target superspace) to study a mapping ofMws onto the bosonic coset
space of constant curvature. It is here that a connection of Green–Schwarz superstring
dynamics with the n = (1, 1) super–WZNW model comes out.
To completely describe superstring dynamics in geometrical terms we should specify
what additional conditions on embedding arise when the superstring equations of motion
are taken into account [30, 31, 32, 4]. In bosonic surface theory such an embedding
is called minimal and is characterized by traceless second fundamental form Kab. In
the supersymmetric case we get analogous condition on the bosonic part of the second
fundamental form (27) which is in one to one correspondence with Xm equations of motion
Kaa ≡ Da
(
DaXm − iΘ¯iΓmDaΘi
)
u⊥m = 0, (32)
where Da = (D−−, D++) is a vector covariant derivative, which reduces to (
∂
∂z
, ∂
∂z¯
) in the
superconformal gauge. In addition, Θ(Z, Z¯) equations of motion, which in the twistor–like
approach have the form
K− ≡ D−−Θ
1µv−µ = 0, K+ ≡ D++Θ
2µv+µ = 0,
11
result in vanishing the fermionic counterpart of the second fundamental form in Eq. (27),
namely
Kα(Z, Z¯) ≡ K
a
βγ
β
aα = 0, α = (+,−). (33)
Thus we see that in the geometrical approach the dynamical string equations of motion
are replaced by algebraic conditions (constraints) on components of the Cartan form (27),
and the role of the dynamical equations is taken by the Maurer–Cartan equations (30),
(31) (which reminds the reduction of the WZNW model).
The minimal embedding conditions (32), (33) further reduce the number of indepen-
dent superfields which determine the induced geometry on the worldsheet supersurface
Mws. One can show [1, 40] that in the superconformal gauge (29) Ω
⊥a and Ωab (which
now, by virtue of theorems of surface theory, bear all information about Mws) depend
only on two bosonic superfields L(Z, Z¯) and Φ(Z, Z¯) (29), and two fermionic superfields
Ψ¯+(Z¯) and Ψ−(Z). The leading components of Φ(Z, Z¯), Ψ¯+(Z¯) and Ψ−(Z) describe one
bosonic and two fermionic physical degrees of freedom of the classical N=2, D=3 Green–
Schwarz superstring. As to the superfield L(Z, Z¯), we have already mentioned that it
corresponds to purely gauge degrees of freedom reflecting local worldsheet SO(1, 1) in-
variance of the superstring model. The exact form of the basic fermionic components of
the Cartan forms (28) is [1] (in our convention)
F− ≡
1
i
v−µDv
−µ = Ψ−eΦ−L, F+ ≡
1
i
v+µDv
+bµ = 0, F 0 ≡
1
i
v+µDv
+µ =
1
2i
(DΦ +DL);
F¯+ ≡ iv+µ D¯v
+bµ = Ψ¯+eΦ+L, F¯− ≡ iv−µ D¯v
−µ = 0, F¯ 0 ≡ iv+µ D¯v
+µ =
i
2
(D¯Φ−D¯L). (34)
The bosonic components of the Cartan forms (28) are not independent and expressed
in terms of (34) (similar to (11)) through the Maurer–Cartan equations (10) (or (30),
(31)), and the superfields (34) themselves obey the n = (1, 1) superconformal invariant
equations (15), (16) which now follow from (31) and (30) [1]. One should not confuse the
Liouville system describing classical physical modes of the string with (super)Liouville
modes emerging as anomalies of quantized noncritical strings [7]. This completes our
sketch of how Eqs. (15), (16) emerge in the N = 2, D = 3 superstring model.
Note that in the process of reducing the problem of describing classical N = 3, D = 3
superstring dynamics to the Codazzi–Gauss equations (30), (31) we have hidden N = 2,
D = 3 space–time supersymmetry since the Mws differential one–forms (28) take their
values in the bosonic sl(2,R) algebra and describe Mws mapping onto the bosonic coset
space. Thus in the geometrical approach Green–Schwarz superstrings look much more
like fermionic strings which a priori propagate in bosonic space–time. We shall turn back
to this point in Section 5.
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Let us now compare the Sl(2,R) Cartan form components (34) with the Sl(2,R)
WZNW fermionic currents of the previous section. We see that the components of (34)
do not have the form of the Gauss decomposition, they are nonchiral and, hence, differ
from the currents (14). However, F, F¯ and Ψ, Ψ¯ relate to each other the same way as
a zero curvature connection of a bosonic Toda theory [26] relates to (anti)chiral currents
of the corresponding reduced WZNW model [15]. To establish the relationship between
Eqs. (34) and Eqs. (14) one should perform in (34) an independent left and right gauge
transformation of F = F−E− + F
0H + F+E+ and F¯ = F¯
−E− + F¯
0H + F¯+E+, which
correspond, respectively, to the β(Z, Z¯) and γ(Z, Z¯) factor of the Gauss decomposition
(13) of an Sl(2,R) group element:
Fˆ =
1
i
DβE+ + e
βE+Fe−βE+, ˆ¯F =
1
i
D¯βE+ + e
βE+F¯ e−βE+, (35)
Fˆ = iDγE− + e
−γE
−FeγE−, ˆ¯F = iD¯γE− + e
−γE
−F¯ eγE− . (36)
To perform an appropriate β–transformation (35) we first gauge fix L = Φ in (34), and
then choose β(Z, Z¯) to satisfy the condition
D¯β =
1
i
Ψ¯+e2Φ.
Then the ˆ¯F components in (35) turn to zero and Fˆ∓, Fˆ 0 coincide with Ψ∓, Ψ0, respec-
tively.
On the other hand, to perform an appropriate γ–transformation we choose in (34)
L = −Φ and take γ(Z, Z¯) to satisfy
Dγ = iΨ−e2Φ.
Then the Fˆ components of (36) turn to zero and ˆ¯F
±
, ˆ¯F
0
reduce to Ψ¯±, Ψ¯0. Notice that
the gauge transformation parameters β(Z, Z¯) and γ(Z, Z¯) indeed coincide with those of
Eqs. (14).
To conclude this section we should point to a problem which we have not solved. It
is the problem of constructing a gauged version of the WZNW action (1) from which
the constraints (12) could be obtained as the equations of motion of auxiliary gauge
fields. The straightforward application of the procedure used for gauging the WZNW
models subject to ‘standard’ Hamiltonian reduction [14, 15, 17] does not work, since in
our case the constraints (12) are nonlinear, contain supercovariant derivatives of fermionic
currents and, as we shall see in the next section, are a mixture of first– and second–class
constraints. However an indirect indication that such a gauged supersymmetric WZNW
action may exist is that there exist versions of the N = 2, D = 3 superstring action with
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local n = (1, 1) worldsheet supersymmetry [3, 5] from which one can get the system of
equations (15), (16). As we have demonstrated, the currents that arise in the superstring
model are connected with the WZNW currents by the local transformations (35), (36),
which might be associated with local symmetry transformations of the gauged WZNW
action if the latter existed.
4 Superconformal properties of the model and of the
related Liouville system
Let us consider now superconformal properties of fields subject to the constraints (16).
The Eqs. (15), (16) are invariant under the n = (1, 1) transformations (3) provided that
the latter are accompanied by the following left–right H–rotation of G(Z, Z¯) (13):
Gˆ = e−(Λ+
1
2
DΛΨ−)HGe−(Λ¯+
1
2
D¯Λ¯Ψ¯+)H . (37)
Then, due to (14),
Φˆ = Φ−(Λ+Λ¯)−
1
2
(DΛΨ−+D¯Λ¯Ψ¯+), βˆ = e−2Λ−DΛΨ
−
β, γˆ = e−2Λ¯−D¯Λ¯Ψ¯
+
γ, (38)
and
Ψˆ− = eΛΨ−, Ψˆ+ = e−3Λ−DΛΨ
−
Ψ+, Ψˆ0 = e−Λ(Ψ0 −
1
i
D(Λ +
1
2
DΛΨ−)), (39)
ˆ¯Ψ
+
= eΛ¯Ψ¯+, ˆ¯Ψ
−
= e−3Λ¯−D¯Λ¯Ψ¯
+
Ψ¯−, ˆ¯Ψ
0
= e−Λ¯(Ψ¯0 − iD¯(Λ¯ +
1
2
D¯Λ¯Ψ¯+)). (40)
From Eqs. (38) – (40) we see that the supercurrents Ψ+ and Ψ¯− transform nonlinearly
under the modified n = (1, 1) superconformal transformations, and even though the
superfields Φ, Ψ−, Ψ¯+, Ψ0 and Ψ¯0 transform linearly, the n = (1, 1) superconformal
symmetry is nonlinearly realized on the components of the superfields, since they are
constrained by Eqs. (16) (the basic fields belong in fact to different supermultiplets).
The general solution to (16) (obtained by taking into account (anti)chirality of Ψ−,
Ψ¯+) is ([1]):
Ψ− = ψ−(z) + θ(1 + iψ−∂ψ−), Ψ¯+ = ψ¯+(z¯) + θ¯(1 + iψ¯+∂¯ψ¯+), (41)
Φ = φ(z, z¯) +
i
2
θe−2φ∂(e2φψ−) +
i
2
θ¯e−2φ∂¯(e2φψ¯+) + θθ¯ψ−ψ¯+∂∂¯φ. (42)
From Eqs. (3), (38) – (42) it follows that under infinitesimal (anti)holomorphic su-
persymmetry transformations θ → θ − ǫ(z), θ¯ → θ¯ − ǫ¯(z¯) the leading component of Φ
transforms as follows
φ(z, z¯) → φ(z, z¯) + iǫ(z)ψ−∂φ +
i
2
∂(ǫ(z)ψ−) + iǫ¯(z¯)ψ¯+∂¯φ+
i
2
∂¯(ǫ¯(z¯)ψ¯+), (43)
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and the leading components of Ψ−, Ψ¯+ transform as Goldstone fermions [42]
ψ−(z) → ψ−(z) + ǫ(z) + iǫ(z)ψ−∂ψ−, ψ¯+(z¯) → ψ¯+(z¯) + ǫ¯(z¯) + iǫ¯(z¯)ψ¯+∂ψ¯+, (44)
which signifies that the n = (1, 1) supersymmetry is spontaneously broken. Note that the
form of the transformations (44) does not imply that ψ−(z), ψ¯+(z¯) are pure gauge degrees
of freedom, since here superconformal symmetry is not a local symmetry in a full sense
and cannot be used for reducing the number of the physical degrees of freedom of the
model (there is no first–class constraints which generate the superconformal symmetry).
The supersymmetry transformation properties of the leading components of Ψ+ and
Ψ0 (Ψ¯− and Ψ¯0 in the antiholomorphic sector) are
δψ+ = (j+ + 2iψ0ψ+)ǫ+ iψ−ψ+∂ǫ, δψ0 = (j0 + iψ+ψ−)ǫ+
1
2
(1 + 2iψ−ψ0)∂ǫ,
δ¯ψ¯− = (j¯− + 2iψ¯0ψ¯−)ǫ¯+ iψ¯+ψ¯−∂ǫ¯, δ¯ψ¯0 = (j¯0 + iψ¯−ψ¯−)ǫ¯+
1
2
(1 + 2iψ¯+ψ¯0)∂ǫ¯. (45)
Under conformal transformations (z → z − λ(z), z¯ → z¯ − λ¯(z¯),) the fields φ, ψ−,
ψ¯+ transform as follows:
δφ = λ∂φ +
1
2
∂λ + λ¯∂¯φ¯+
1
2
∂¯λ¯, (46)
δψ− = λ∂ψ− −
1
2
ψ−∂λ, δ¯ψ¯+ = λ¯∂¯ψ¯+ −
1
2
ψ¯+∂¯λ¯, (47)
and
δψ+ = λ∂ψ+ +
3
2
ψ−∂λ, δψ0 = λ∂ψ− +
1
2
ψ0∂λ +
1
4
ψ−∂2λ, (48)
δ¯ψ¯− = λ¯∂¯ψ¯− +
3
2
ψ¯+∂¯λ¯, δ¯ψ¯0 = λ¯∂¯ψ¯+ +
1
2
ψ¯0∂¯λ¯+
1
4
ψ¯+∂¯2λ¯. (49)
The transformations (43) – (49) form an n = (1, 1) superconformal algebra which
closes on the mass shell. For instance
[δǫ1 , δǫ2] = δλ, (50)
where λ = 2iǫ1ǫ2. From (47) we see that ψ
−, ψ¯+ have conformal spin −1
2
, and ψ−, ψ¯+ have
spin 3
2
. As to the fields ψ0, ψ¯0, their transformation properties (45), (48), (49) reflect the
fact that, due to the constraints (12), these fields are not independent (see next Section
for the details).
Comparing (43) with (46) one can notice that these transformations have the same
form for λ = iǫψ− and λ¯ = iǫ¯ψ¯+. Thus, in some sense, supersymmetric transformations
of φ can be hidden in its conformal transformations. This effect was observed by the au-
thors of [9] in the unconstrained supersymmetric O(N) WZNW model. Note also that the
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supersymmetric transformations of ψ−, ψ¯+ contain only the fermionic fields themselves,
nevertheless, as we have seen (Eq. (50)), the commutator of two supersymmetry transfor-
mations leads to a conformal transformation, therefore the superconformal symmetry of
our model is fully fledged in contrast to a Grassmann symmetry of a free fermion system
of Ref. [9].
Finally, we present the component equations resulting from (15), (16) [1]:
∂∂¯φ = −e2φ, (51)
∂¯ψ− = 0, ∂ψ¯+ = 0. (52)
As one might expected, the reduction of the supersymmetric Sl(2,R) WZNW model
resulted in the Liouville equation (51), which is accompanied by the free chiral fermion
equations (52). An interesting point is that the whole system of the equations (51), (52)
is invariant under the nonlinear n = (1, 1) superconformal transformations (43), (44),
and thus can be considered as a supersymmetric generalization of the Liouville equation
alternative [1] to the conventional one based on the supergroup OSp(1|2) [6]. 5 Together
with this system one should consider free fermionic fields ψ+(z), ψ¯−(z) of spin 3
2
which
also remain independent after the Hamiltonian reduction. The properties of the whole
system are studied in the next Section.
5 Current algebra, Hamiltonian analysis of the con-
straints and connection with fermionic strings
Poisson brackets of the fermionic superfield currents (6) generate two (anti)commuting
copies of the superaffine SL(2,R) algebra [17]
{tr(AΨ(X)), tr(BΨ(Y ))}PB = −δ(X − Y )tr[A,B]Ψ(Y )− iDXδ(X − Y )tr(AB), (53)
where A, B stand for E+, E− and H ; X = (z1, θ1), Y = (z2, θ2),
δ(X − Y ) = δ(z1 − z2)(θ1 − θ2), and DX =
∂
∂θ1
+ iθ1
∂
∂z1
.
It is implied that the Poisson brackets are equal–time, i.e. z1 + z¯1 = z2 + z¯2. Since
the Poisson brackets of Ψ¯(Z¯) have the same form as (53), we restrict ourselves to the
consideration of only the holomorphic sector of the model.
5In [1] there was an overstatement that the two super–Liouville systems are not connected with each
other by local redefinition of fields. In fact, this is only true one way, i.e. when one tries to get the free
fermion equations from the standard super–Liouville equations [6]. But it turns out possible to locally
express the standard super–Liouville fields through the fields of (51), (52) [43].
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From (53) one can get the Poisson brackets of the bosonic superfield currents J(Z)
(11). We do not present them explicitly because of a somewhat cumbersome structure of
their r.h.s. Instead we shall deal with Poisson brackets of the ordinary field components of
Ψ(Z) (6) and J(Z) (11). It is convenient to work with ψ(z) and j(z) as the independent
components of the superfield currents, since they are completely decoupled [9, 10]:
{j+(z1), j
−(z2}PB = 2δ(z1 − z2)j
0(z2)− ∂δ(z1 − z2),
{j0(z1), j
±(z2)}PB = ±δ(z1 − z2)j
±(z2),
{j0, j0}PB = −
1
2
∂δ(z1 − z2)
{j+, j+}PB = {j
−, j−}PB = 0, (54)
{ja, ψb}PB = 0,
{ψ+(z1), ψ
−(z2)}PB = −iδ(z1 − z2),
{ψ0(z1), ψ
0(z2)}PB = −
i
2
δ(z1 − z2),
{ψ+, ψ+}PB = {ψ
−, ψ−}PB = 0.
Using (54) it is rather easy to understand the structure of the superfield constraints (12),
which, in components, reduce to
j− − 1 = 0, ψ0 − j0ψ− −
1
2
∂ψ− = 0 (55)
(in the holomorphic sector).
A linear combination of the constraints (55)
CF = ψ
0 − j0ψ− −
1
2
∂ψ− +
1
4
∂ψ−(j− − 1) = 0, (56)
CB = j
−(1 + 2iψ−CF )− 1 = 0 (57)
have the following form of the Poisson brackets (54):
{CB, CB}PB = {CB, CF}PB = 0, (58)
{CF (z1), CF (z2)}PB = −
i
2
δ(z1 − z2). (59)
Note that the equations (56) – (59) are satisfied in a weak sense, i.e. CB(Z) and CF (Z) can
be put to zero only upon calculating their Poisson brackets with other field expressions.
From (58), (59) we conclude that the bosonic constraint (57) is of the first class and the
fermionic constraint (56) is of the second class. The latter can be put to zero in the strong
sense by replacing the Poisson brackets with Dirac brackets [44]
{f, g}∗ = {f, g}PB − 2i
∫ ∫
dxdy{f, CF (x)}PBδ(x− y){CF (y), g}PB, (60)
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where f(z) and g(z) are arbitrary phase–space functions.
Upon introducing the Dirac brackets one can eliminate ψ0 (and ψ¯0 in the antiholo-
morphic sector) from the number of the physical variables of the model.
Thus, within the course of the Hamiltonian reduction of the model we have encountered
an unusual situation, namely, the appearance of the second–class constraint. Usually,
when performing the Hamiltonian reduction of WZNW models, one restricts oneself to
imposing first–class constraints [14, 15, 17].
A peculiar feature of the case under consideration is that though superfield constraints
(12) are a mixture of the first– and second–class constraints, after the superconformal
transformations (3) the first–class constraint component (57) of (12) remains in the first
class.
The bosonic first–class constraint (58) reflects the existence of the invariance of the
model under the chiral transformations g+(Z) corresponding to the E+ subalgebra of the
sl(2,R) algebra (7). We should stress that the parameter of these transformations is a
chiral superfield, since the whole superfield constraint J−(Z) − 1 = 0 in (11) commutes
(under (53)) with the superfield current Ψ−(Z) being the generator of g+(Z). A subtle
point of the model at hand is that the presence of only one (bosonic) first–class con-
straint (57) (while its superpartner (56) is of the second class) indicates that only the
bosonic g+(Z)|θ=0–transformations form the real gauge symmetry of the model which can
be subject to further gauge fixing. The fermionic Dg+(Z)|θ=0–transformations (as the su-
persymmetry transformations (43)–(45)) are not fully fledged local transformations and
cannot be used to reduce the number of physical degrees of freedom of the model. Note
also that ψ+(z) transforms as a Goldstone field under Dg+(Z)|θ=0:
δψ+(z) = −iDg+(Z)|θ=0. (61)
To analyse the superconformal structure of the physical sector of the model we impose
an additional condition which fixes the g+(Z)|θ=0 gauge transformations and converts (57)
into a second–class constraint. Namely, as in the case of bosonic WZNW models [14] we
impose the Drinfeld–Sokolov gauge [45]:
J0|θ=0 = j
0 = 0. (62)
The constraint (62) is invariant under superconformal transformations of the super
current J0 (8) provided the superconformal transformations are accompanied by a g+(Z)–
transformation whose leading component depends on superconformal parameters ǫ(z),
λ(z) and supercurrent components. The explicit expression for g+(Z)|θ=0 is derived from
the J0(Z) transformation law, which is obtained from (37)–(39) and (11):
Jˆ0 = e−2Λ(J0 − iDΛΨ0) + e−Λ−
1
2
DΛΨ−∂e−Λ − e−2Λ∂e−
1
2
DΛΨ− + e−2Λ−DΛΨ
−
g+(Z). (63)
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Having in mind that Jˆ0|θ=0 = J
0|θ=0 = 0 we get for the infinitesimal transformations
g+(Z)|θ=0 = ∂
2λ(z) + iǫ(ψ+ +
1
2
∂2ψ− + 2iψ+ψ−∂ψ− − 2ψ−j+)−
i
2
∂ǫ∂ψ−. (64)
To treat the conditions (57), (62) in the strong sense we should use them to construct new
Dirac brackets with respect to which Eqs. (57), (62) commute. For this to be achieved
in a simplest way one should find a pair of second–class constraints, being a combination
of (57) and (62), which commute in a canonical way with respect to the Dirac brackets
(60). Their form turns out to be as follows:
C1
B
= (j− − 1)(1−
i
2
ψ−∂ψ−) = 0,
C2
B
= j0 +
1
4
∂C1
B
(1 + iψ−∂ψ−) = 0.
{C1
B
(z1), C
2
B
(z2)}
∗ = δ(z1 − z2), {C
1
B
(z1), C
1
B
(z2)}
∗ = {C2
B
(z1), C
2
B
(z2)}
∗ = 0. (65)
Using (65) we construct new Dirac brackets
{f, g}∗∗ = {f, g}∗ −
∫ ∫
dxdy{f, C1
B
(x)}∗δ(x− y){C2
B
(y), g}∗
+
∫ ∫
dxdy{f, C2
B
(x)}∗δ(x− y){C1
B
(y), g}∗, (66)
which allow one to treat the constraints (65) in the strong sense. Under the Dirac brackets
(66) the fields ψ+(z), ψ−(z) and j+(z) have the following commutation properties:
{ψ+(z1), ψ
+(z2)}
∗∗ = −
ik
2
∂2δ(z1 − z2), (67)
{ψ+(z1), ψ
−(z2)}
∗∗ = −ikδ(z1 − z2),
{ψ−(z1), ψ
−(z2)}
∗∗ = {j+(z1), ψ
+(z2)}
∗∗ = {j+(z1), ψ
−(z2)}
∗∗ = 0,
{j+(z1), j
+(z2)}
∗∗ =
k
2
∂3δ(z1 − z2) + δ(z1 − z2)∂j
+(z2)− 2∂δ(z1 − z2)j
+(z2). (68)
In Eqs. (67), (68) and below we restored the explicit dependence of quantities on the level
k of the WZNW model. The commutation relations (67) can be simplified even further if
instead of ψ+ one considers
b(z) = ψ+(z)−
1
4
∂2ψ−(z), c(z) =
1
k
ψ−(z) (69)
as the independent fermionic fields. Then b(z) and c(z) are canonical conjugate free fields
with spin 3
2
and −1
2
, respectively:
{b(z1), c(z2)}
∗∗ = −iδ(z1 − z2), {b(z1), b(z2)}
∗∗ = {c(z1), c(z2)}
∗∗ = 0. (70)
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Eq. (68) reads that j+(z) has the properties of the Virasoro stress tensor for the single
bosonic (Liouville) mode (51) of our model and is indeed the same as in the purely
bosonic case [14] (this can be checked by use of Eqs. (11), (14) and taking into account
the constraints):
Tm ≡ j
+ = k[(∂φ)2 − ∂2φ]. (71)
Thus in the classical case under consideration the full Virasoro stress tensor T (z) and the
superconformal current G(z) constructed of Tm(z), b(z) and c(z) have the following form:
T (z) = Tm −
3i
2
b∂c −
i
2
∂bc,
G(z) = ib+ icTm − bc∂c−
k
4
c∂c∂2c− ik∂2c. (72)
The n = 1 superconformal algebra of (72) realized on the Dirac brackets (66) is
{T (z1), T (z2)}
∗∗ =
k
2
∂3δ(z1 − z2) + δ(z1 − z2)∂T (z2)− 2∂δ(z1 − z2)T (z2),
{T (z1), G(z2)}
∗∗ = δ(z1 − z2)∂T (z2)−
3
2
∂δ(z1 − z2)T (z2)
{G(z1), G(z2)}
∗∗ = −2ki∂2δ(z1 − z2) + 2δ(z1 − z2)T (z2). (73)
The central charge of the classical algebra is c = 6k.
The n = 1 superconformal system described by (72), (73) is a classical counterpart of
the b− c matter structure used in the framework of the universal string theory [2]. Hence,
we can assert that in the case under consideration we deal with a particular example of
an n = (1, 1), D = 3 fermionic string in a physical gauge where two longitudinal bosonic
modes are gauge fixed and the single (transversal) bosonic degree of freedom of the string
is described by the Liouville mode (compare with the case of the N = 2, D = 3 GS
superstring of Section 3). This gauge is alternative to the light–cone gauge of string
theory, where also only the physical string modes remain.
We have thus established, at the classical level, links of the reduced supersymmetric
SL(2,R) WZNW model with the N = 2, D = 3 Green–Schwarz superstring on one hand
and the n = (1, 1),D = 3 fermionic string, carrying spin (3
2
,−1
2
) matter on the worldsheet,
on the other hand. As to quantum relationship of the model to strings, the consideration of
these points touches deep problems of comparing the results of quantization of constrained
systems carried out before or after solving classical constraints and is beyond the scope
of the present work.
So let us now turn to the quantization of the n = 1 superconformal algebra (72), (73)
realized on the fields φ, b and c without addressing to string connection.
To quantize this algebra we should take into account operator ordering in (72) and
pass from the Dirac brackets to the quantum (anti)commutation relations, or to consider
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the quantum operator product expansion of the fields. We choose the second formalism,
and as a result we get a realization of the quantum n = 1 superconformal algebra which
arose in [47, 2].
In the OPE language the super-Virasoro algebra we reproduce is:
T (z)T (0) =
c/2
z4
+
2T
z2
+
T ′
z
,
T (z)G(0) =
(3/2)G
z2
+
G′
z
,
G(z)G(0) =
2c/3
z3
+
2T
z
. (74)
Here and in the following formulas the fields on the r.h.s. are computed at w = 0. The
prime denotes for simplicity the ∂z derivative.
The OPE for the b(z), c(z) field can be normalized as
c(z)b(0) =
1
z
,
and j+ ≡ Tm(z) satisfies the OPE for the bosonic matter stress tensor with the quantum
Liouville central charge cm = 6k+
k+4
k−2
(see, for example, [46]) and has regular OPE’s with
b(z) and c(z) (compare with Eqs. (68)).
The realization of the n = 1 super–Virasoro algebra in terms of the fields Tm(z), b(z)
and c(z) was constructed in [2]:
T = Tm −
3
2
: bc′ : −
1
2
: b′c : +
1
2
∂2(: cc′ :),
G = b+ : cTm : + : bcc
′ : −
cm − 26
24
: cc′c′′ : +
cm − 11
6
c′′ (75)
where dots denote the normal ordering, and the quantum central charge is c = cm − 11.
Notice the appearance of a new (the last) term in T (z) and changing of coefficients of
terms in G(z) (75) in comparison with the classical case (72) due to the operator ordering.
To the n = 1 superconformal algebra (74) one can add the spin (−1
2
) field c(z) as the
generator of the fermionic transformations (61). Then we get a nonlinear extension of the
super–Virasoro algebra considered in [53].
For completeness let us present an alternative realization of the super-Virasoro algebra
which makes use of a field V (z) (conventionally represented as V (z) ≡ ∂Φ(z)) satisfying
the free-field OPE
V (z)V (0) = −
1
z2
(76)
together with the free fields b(z) and c(z). It is given by
T = −
1
2
: V 2 : +qV ′ −
3
2
: bc′ : −
1
2
: b′c :,
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G =
1
2
b− : V 2c : −
2
q
: V c′ : −
(1− 2q2)
q
: V ′c :,
+2 : cc′b : +(
13
3
−
1
q2
− 4q2) : cc′c′′ : −
2
3
(5− 6q2)c′′, (77)
where q = ( cm−1
12
)
1
2 , and the central charge is the same as above.
Notice that in this case the stress-energy tensor T (z) is the same as in the classical
case (72), i.e. the standard one given by the sum of two stress-energy tensors for the
bosonic and fermionic free–field components, respectively.
6 Hamiltonian reduction in the case of a general su-
peraffine Lie algebra
In this Section we shall discuss how to generalize the previous construction valid for the
sl(2) algebra to any given bosonic algebra (or even superalgebra). A complete analysis
of this case is postponed to future work, here we restrict ourselves to outline the main
features and basic ingredients.
To simplify discussion it is convenient to use the language of the so-called soldering
procedure introduced by Polyakov in [48], which allows reproducing the results of the
(more complete) Dirac analysis performed above.
Let us start recalling that the n = 1 chiral fermionic supercurrents Ψ±(Z), Ψ0(Z) of
the superaffine sl(2) transform under the infinitesimal gauge transformations
parametrized by bosonic chiral superfields ǫ±(Z), ǫ0(Z) as follows:
δΨ+ = 2(ǫ0Ψ+ − ǫ+Ψ0) +
1
i
Dǫ+,
δΨ0 = ǫ+Ψ− − ǫ−Ψ+ +
1
i
Dǫ0,
δΨ− = 2(ǫ−Ψ0 − ǫ0Ψ−) +
1
i
Dǫ−. (78)
Using the Maurer Cartan equation (10) we constructed from Ψ±(Z), Ψ0(Z) the bosonic
superfields J±, J0 (11)
J+ = DΨ+ − 2iΨ0Ψ+,
J0 = DΨ0 + iΨ−Ψ+,
J− = DΨ− + 2iΨ0Ψ−. (79)
By construction they obey the following sl(2) transformation properties
δJ+ = 2(ǫ0J+ − ǫ+J0) + ∂ǫ+,
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δJ0 = ǫ+J− − ǫ−J+ + ∂ǫ0,
δJ− = 2(ǫ−J0 − ǫ0J−) + ∂ǫ−. (80)
They correspond to a trivial supersymmetrization of the sl(2) affine algebra obtained by
replacing the ordinary currents and parameters with the chiral superfields J i and ǫi. Since
the ring structure properties of the superfields are the same as for the ordinary fields it
is clear that any bosonic theory can be trivially supersymmetrized that way. In general
it leads to uninteresting models. What makes things different here is the presence of
the set of equations (79), which allow expressing the superfields J i in terms of the basic
superfields Ψi.
The constraint J−−1 = 0 and the gauge fixing condition J0|θ=0 = 0 can be consistently
imposed as discussed in Section 2, 4 and 5. Then the only independent transformations
which remain in (78) and (80) are parametrized by the bosonic component of ǫ−(Z) which
coincides with the conformal transformation parameter λ(z) in (46)–(49), the fermionic
component of ǫ−(Z) which is connected with supersymmetry parameter ǫ(z) in (43)–(45)
through the relation 1
i
Dǫ−|θ=0 = ǫ(1 + iψ
−∂ψ−) − 1
2
∂λψ−, and an additional fermionic
transformation parameter Dǫ+|θ=0 (compare with (61)).
This reasoning can be applied to get information about the reduction of more general
n = 1 superaffine algebras.
We wish to stress that the bosonic superfields J± associated to the roots of the sl(2)
algebra are obtained, as a consequence of the Maurer-Cartan equations (10), by applying
to Ψ± a fermionic derivative covariant with respect to the superaffine U(1) subalgebra
of sl(2). 6. This property obviously takes place in the case of a generic bosonic algebra.
Let Ψ±j(Z) denote generic superfield currents associated to a root system of an n = 1
superaffinization of a given bosonic simple Lie algebra G, and Ψ0,α(Z) denote the super-
currents associated to the Cartan subalgebra (here α = 1, ..., r, and r is the rank of G).
The supercurrents Ψ±j(Z) associated to the simple and nonsimple roots are covariant
w.r.t. the n = 1 superaffine subalgebra Uˆ(1)
r
of G, i.e. they satisfy the following Poisson
brackets:
{Ψ0,α(Z),Ψ±j(W )} = ±qα,jΨ±j(W )δ(Z −W ).
where qα,±j = ±qα,j is a set of U(1)–charges. When +j = β labels a simple root, qα,β
coincides with the Cartan matrix Kαβ .
6Covariant derivatives to analyze algebra structures have been introduced in [49] and further employed
in [50] in connection with integrable hierarchies; fermionic covariant derivatives have been introduced in
[51].
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The bosonic superfields J±j associated to the roots are constructed from Ψ as
J±j = DΨ±j + i
∑
k,l
c±jk,lΨ
kΨl, (81)
where the covariant derivative is uniquely determined as D ≡ D +
∑
α=1,...,r q
α,jΨ0,α by
the requirement that J±j satisfy the Maurer–Cartan equations and are covariant with the
charge qα,j :
{Ψ0,α(Z), J±j(W )} = ±qα,jJ±j(W )δ(Z −W )
The constants c±jk,l in (81) are the Lie algebra structure constants; they are non-vanishing
only for those integral values of k, l for which qα,k + qα,l = ±qα,j for any α.
Similarly the bosonic supercurrents J0,α associated to the Cartan subalgebra are given
by
J0,α = DΨ0,α + i
∑
j
cα+j,−jΨ
+jΨ−j
(here again the coefficients cα+j,−j are Lie algebra structure constants).
Now the set of constraints for the so-called abelian reduction can be consistently
imposed as in the supersymmetric sl(2) and purely bosonic case: the set of superfields
J−1,i (81) associated to the simple (negative) roots are put equal to one: J−α = 1, while
the remaining generators associated to lower (negative) roots are set equal to 0, as well as
the bosonic components of the Cartan supercurrents J0,α. The soldering procedure and
the Dirac analysis for these constraints can be made as in the sl(2,R) case. As a result
superaffine transformations are converted into extended super–Virasoro transformations
and one may get an n = 1 supersymmetric extension of the bosonic W algebra realized
on the bosonic W algebra generators and r pairs of free fermions.
It deserves mentioning that the standard supersymmetrization of a bosonic W alge-
bra is carried out in two steps (see [52]), namely, by identifying a suitable superalgebra
and an embedding of osp(1|2) or sl(1|2) into it. In our approach we perform the super-
symmetrization of the W algebra by direct use of the same ingredients as in the bosonic
case: the classical Lie algebra as a base and a given embedding of sl(2) into the former
(the principal embedding for abelian theories). Because of the presence of spin (3
2
,−1
2
)
b − c systems such a realization of a super–W algebra differs in field contents from the
standard ones based on superalgebras described by the simple fermionic root system [52].
A reduction procedure alternative to ours was used in [47] to get n = 2 superconformal
b− c structures and realizations of super-Wn algebras from the Sl(n|n− 1) superalgebras
in a Gauss decomposition containing simple bosonic roots. A class of supersymmetric W
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algebras realized with the use of fermionic b− c systems has also been considered in [53]
and references therein.
Super–Toda equations obtained with the procedure under consideration are a gener-
alization of Eqs. (15), (16):
D¯DΦα = e
∑
β
KαβΦβΨ¯+αΨ−α, D¯Ψ−α = 0 = DΨ¯+α; (82)
DΨ−α +
∑
β
KαβΨ
0,βΨ−α = 1, D¯Ψ¯+α +
∑
β
KαβΨ¯
0,βΨ¯+α = 1. (83)
In Eqs. (82), (83) there is no summation over α; Φα(Z, Z¯) are the Cartan subalgebra
superfields of the Gauss decomposition of the group element
G(Z, Z¯) = e
∑
βαE+αe
∑
ΦαHαe
∑
γαE
−α
and (with taking into account the constraints imposed)
Ψ0,α =
1
i
DΦα + β
αΨ−α, Ψ¯0,α = iD¯Φα + γ
αΨ¯−α (no summation over α).
Notice that because of the form of Ψ0,α, Ψ¯0,α and the summation over β in (83) the
constraints (83) do not reduce to relations which contain only DΦα (in contrast to Eqs.
(12), (16)). A consequence of this is that, unlike in the simplest Sl(2,R) case, fermions
do not decouple from bosons in the component form of Eqs. (82). (At least we have not
managed to find a local field redefinition which would allow one to completely decouple
fermions).
The detailed studying of super–Toda models of this kind may be of interest because of
unusual supersymmetric properties, their connection with standard super–Toda models,
and of possible physical applications.
The Hamiltonian reduction procedure outlined herein can also be applied to those
superalgebras which always contain in their root decomposition bosonic simple roots. In
this case one should impose a “mixed” type of constraints, namely, standard ones asso-
ciated to fermionic simple roots and nonlinear ones for the bosonic roots as discussed in
this paper. It is very likely that the models derived this way have a nontrivial interaction
between the bosonic and fermionic sector. As far as we know, without explicit break-
ing supersymmetry [18], superalgebras of this kind have not been involved yet into the
production of super–Toda models. The complete classification of superalgebras and their
Dynkin diagrams can be found in [54]. From this paper we learn that, for instance, up to
rank 3, there exist 6 superalgebras which contain bosonic simple roots in any root decom-
position. The rank 2 superalgebra of this kind is Osp(1|4), and the rank 3 superalgebras
are Osp(5|2), Osp(2|4), Osp(1|6), Sl(1|3) and G(3).
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Apart from these systems which deserve to be analyzed in detail, there is another
problem which is worth studying. Many superalgebras admit different variants of root
decomposition. Even superalgebras which are expressible in terms of only fermionic simple
roots can be expressed, in another basis, in terms of a Dynkin diagram involving bosonic
simple roots (the simplest superalgebra having this property is Sl(1|2)). It is interesting
to understand possible relations, if any, between super–Toda models derived from different
presentations of the same superalgebra.
7 Conclusion and discussion
We have studied the Hamiltonian reduction of the n = (1, 1) supersymmetric WZNW
models having a classical (bosonic) group as target space.
Since the simple roots of the corresponding Lie algebra are bosonic the constraints are
to be imposed on associated bosonic supercurrents constructed out of the basic fermionic
supercurrents in a nonlinear way prescribed by the Maurer–Cartan equation. The con-
straints thus obtained are a mixture of bosonic first–class and fermionic second–class
constraints. This makes difference between the Hamiltonian reduction of the models con-
sidered above and the conventional Hamiltonian reduction of the bosonic WZNW models
[14, 15] and the supersymmetric WZNW models based on superalgebras admitting real-
ization in terms of fermionic simple roots only [17]. In the latter case all the constraints
imposed are of the first class.
Hamiltonian reduction results in shifting the conformal spins of bosonic as well as of
fermionic current fields. As a result we obtained the fermionic b−c system with spin 3
2
and
−1
2
. Supersymmetry transforming these fields is realized nonlinearly and is spontaneously
broken.
The supersymmetric Toda systems obtained by reducing the WZNW models with
bosonic groups contain a free left– right–chiral fermion sector. In the simplest case of
the Sl(2,R) group the fermionic sector completely decouples from the bosonic Liouville
equation. While in the case of super–Toda models based on higher rank bosonic groups
fermions contribute to the r.h.s. of the bosonic equations. Thus the supersymmetric
generalization of the bosonic Toda–models obtained this way is alternative to the con-
ventional one (see e.g.[55]) which involves nontrivial interactions in both the bosonic and
fermionic sector and where all fermionic fields have positive conformal spin. It seems of
interest to analyse in detail the relationship between these two supersymmetric versions.
An important problem which has remained unsolved yet is the construction of a gauged
WZNW action from which one can directly get the constraints as equations of motion
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of auxiliary gauge fields. As we have already mentioned in the main text, the problem
is caused by the nonlinear form of the constraints which, in addition, contain bosonic
coordinate derivatives of group–valued superfields G(Z), while the WZNW action (1) is
constructed with the use of only Grassmann supercovariant derivatives. The cause of
the problem seems akin to the problem of constructing superfield actions for n–extended
WZNW models.
Possible directions of generalizing results obtained are following.
The detailed analysis of the Hamiltonian reduction of the Sl(2,R) WZNW model at
the classical level revealed its connection with N = 2 Green–Schwarz superstrings and
n = (1, 1) fermionic strings propagating in flat D = 3 space–time. The extension to the
quantum level and the analysis of links of the present model with the standard n = (1, 1),
D=3 Neveu–Schwarz–Ramond string whose fermionic matter fields have conformal spin 1
2
require additional study since it involves nontrivial field redefinitions when passing from
one superstring formulation to another (see, for example [22, 23, 24]).
Studying higher-dimensional target spaces seems also of interest. As we know from the
doubly supersymmetric approach (see [4] and references therein), in D=4 flat superspace–
time, whose structure group is Sl(2,C), Green–Schwarz superstrings are described by an
n = 2 worldsheet supersymmetry. Hence we can associate to these strings an n = 2
supersymmetric Sl(2,C) WZNW model [27] appropriately reduced the way considered
above. For the N = 2, D = 4 superstring this should result in a supersymmetric integrable
system 7 which describes the physical modes of the classical superstring and which consists
of a bosonic Liouville system and two pairs of left– right–moving free fermions. As in the
D=3 case, one may also expect a connection with an n = (2, 2) superconformal system
corresponding to an n = (2, 2) fermionic string [2].
Next, more complicated, step is to perform the Hamiltonian reduction of supersymmet-
ric WZNW models based on SO(1, 5) and SO(1, 9) group which correspond, respectively
to N = 2 Green–Schwarz superstrings in D = 6 and D = 10 space–time with n = (4, 4)
and n = (8, 8) supersymmetries on the worldsheet, or at least with n = (2, 2) manifest
worldsheet supersymmetries, and to establish a connection with results of Refs. [2, 23, 24]
on Neveu–Schwarz–Ramond and Green–Schwarz superstrings. Another words one should
study a generalization of the Hamiltonian reduction procedure considered here to the case
of WZNW models with extended supersymmetry.
Though we have talked of N = 2, Green–Schwarz superstrings in D=3,4,6 and 10
dimensions and corresponding n = (D − 2, D − 2) superconformal models the discussion
7A relation of four–dimensional n=2,4 supersymmetric string backgrounds to integrable models has
been already considered, for instance, in [56]
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above is also valid for N = 1 Green–Schwarz superstrings and chiral (heterotic) n =
(D − 2, 0) superconformal models.
Another direction of study, which may turn out the most interesting from a mathemat-
ical physics point of view, is to apply the Hamiltonian reduction procedure to constrain
supersymmetric WZNW models based on superalgebras with fermionic and bosonic sim-
ple roots in any Dynkin diagram [54]. The simplest example is the OSp(1|4) superalgebra
whose root decomposition contains one bosonic and one fermionic simple root. A po-
tentially promising investigation concerns other supergroups of this kind, the three–rank
exceptional supergroup G(3) and the four–rank exceptional supergroup F (4). It is likely
[57] that their reductions are related respectively to an n = 7 and n = 8 supersymmetric
extension of the conformal algebra.
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